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The high scale mixing unification hypothesis recently proposed by three of us (R. N. M., M. K. 
P. and G. R.) states that if at the seesaw scale, the quark and lepton mixing matrices are equal 
then for quasi-degenerate neutrinos, radiative corrections can lead to large solar and atmospheric 
^ ' mixings and small reactor angle at the weak scale in agreement with data. Evidence for quasi- 

degenerate neutrinos could, within this framework, be interpreted as being consistent with quark- 
lepton unification at high scale. In the current work, we extend this model to show that the 
hypothesis works quite successfully in the presence of CP violating phases (which were set to zero 
in the first paper). In the case where the PMNS matrix is identical to the CKM matrix at the 
seesaw scale, with a Dirac phase but no Majorana phase, the low energy Dirac phase is predicted 
■ to be (~ 0.3°) and leptonic CP-violation parameter Jcp — (4 — 8) x 10~^ and On — 3.5°. If on the 

^ ' other hand, the PMNS matrix is assumed to also have non-negligible Majorana phase(s) initially, 

ly^ I the resulting theory damps radiative magnification phenomenon for a large range of parameters but 

. nevertheless has enough parameter space to give the two necessary large neutrino mixing angles. In 

' this case, one has S13 = 3.5° — 10° and \Jcp\ as large as 0.02 ~ 0.04 which are accessible to long 

baseline neutrino oscillation experiments. 

\Q . PACS numbers: 14.60.Pq, ll.30.Hv, 12.15.Lk 
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^ • I INTRODUCTION 

Grand unified theories [l|, 0, 0, |3| with quark-lepton unification have often been used as key ingredients in attempts 
f~| , to understand the widely differing values of physical parameters describing particle interactions at low energies. In 
the context of SUSY GUTs, this approach can explain the experimentally measured values of the electro- weak mixing 
angle. The same models also lead to 6 — r Yukawa unification [5| which seems to be in rough agreement with 
' observation or even t — b — t Yukawa unification Q which agree with observation for large values of tan/3(= Vu/vd). 
It is then natural to explore whether there are other manifestations of quark lepton unification at low energies. 

In a recent paper, three of us Q discussed the possibility that weak interaction properties of quarks and leptons 
parameterized by very different flavor mixing matrices at low energies may become identical at high scales and 
provide another signature of quark-lepton unification. We found that if neutrinos are Majorana fermions with quasi- 
degenerate masses and with same CP, it could indeed happen i.e. starting with the CKM mixing matrix for neutrinos 
at the GUT-seesaw scale [1] , as would be expected on the basis of quark-lepton unification [l[ , renormalization group 
evolution (RGE) to the weak scale leads to predictions for neutrino mixings in agreement with observations [1Q|. 
Since small angles become larger, we have called this phenomenon radiative magnification and the interesting result is 
that the RGEs give two large mixings in the solar and atmospheric neutrino sectors while ultra smallness of Vub even 
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after radiative magnification yields a small 6*13 maintaining consistency with CHOOZ-Palo- Verde observations 
We then predicted sin^ia < 0.08 — 0.10 which could be used to test the model We called this "high scale mixing 
unification" (HUM) hypothesis. The common mass of quasi-degenerate neutrinos required for HUM to work is in the 
range 0.15 eV < m^ < 0.65 eV. This falls in the appropriate range accessible to the currently planned experiments 
[1^ and overlaps with the values claimed by Heidelberg-Moscow 0§Qy experiment [l3|- It also overlaps the WMAP 
bound [l3| and the range accessible to the KATRIN experiment [3]. It is also interesting to note that the radiative 
magnification mechanism with high-scale mixing unification works only for reasonably large values of tan (3 for which 
t — b — T Yukawa unification takes place. 

Furthermore, the HUM hypothesis provides an alternative way to understand the difficult problem of the diverse 
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mixing patterns between quarks and leptons without relying on new mass textures for neutrinos or new family 
symmetries. This makes it interesting in its own right and in our opinion deserves further consideration. 

Renormalization group effects on neutrino mass parameters over wide ran ge o f values have been discussed in 
a number of works using standard [2^ [2l|. [2p . [23l . 24, 25, [2^ or nonstandard 27 1 parameterizations of the PMNS 
matrix; but our present and earlier results [7|,|9|,|28| are distinct in the following respects: (1) because of the underlying 
quark-lepton unification hypothesis, the input values of the three mixing angles are small at the GUT-seesaw scale 
and are identical to the corresponding CKM mixings [7] . The high scale input value of the Dirac phase in the PMNS 
matrix, which was set to zero in Q and discussed in subsequent sections is also identical to the corresponding quantity 
in the CKM matrix. (2) The three light neutrinos are quasi-degenerate in mass. (3) The RH Majorana neutrino mass 
matrix is proportional to a unit matrix due to an S4 0, fi^ symmetry, which leads to quasi-degenerate light neutrinos 
through the type-II seesaw mechanism. (4) The heavy degenerate masses of RH neutrinos being very close to the 
the GUT-seesaw scale, large threshold corrections originating from non-degeneracy of RH neutrinos are absent in our 
case. In view of this, the model predictions are definite and can be tested more by planned neutrino experiments. 

For the sake of simplicity, only CP conserving case was considered in [3| and all neutrino mass eigenstates were 
assumed to possess the same CP. Clearly, understanding CP phases is an integral part of understanding the flavor 
puzzle [1^ and it is therefore important to explore whether the "high scale mixing unification" hypothesis throws any 
light on this. The purpose of the present paper is to investigate this question. 

Following the HUM hypothesis we identify the three mixing angles and the Dirac phase of the PMNS mixing 
matrix as those of the CKM mixing matrix at the GUT-seesaw scale while keeping the two Majorana phases as 
unknown. Whether exact quark-lepton symmetry at high scale permits nonzero values of the Majorana phases is a 
model dependent question; therefore, we consider two different cases: (i) when the high scale PMNS matrix with 
zero Majorana phases is identified with the CKM matrix; and (ii) when the PMNS matrix equals the product of the 
CKM matrix times a diagonal Majorana phase matrix. The diagonal-phase matrix may originate from the seesaw 
contribution to the neutrino mass. 

We find that the radiative magnification of mixing angles are generally damped in the presence of Majorana phases 
and the degree of damping depends upon the values of these parameters. However in spite of this, the model has 
enough parameter space to magnify the mixing angles to be in agreement with the low-energy neutrino data starting 
from the CKM matrix at the GUT-seesaw scale; in this case, we find that 6*13 and leptonic CP-violations are large 
enough to be measurable in long baseline neutrino oscillation experiments. 

We also derive new analytic formulas for threshold corrections including Majorana phases which are generally valid 
in all models with quasi-degenerate neutrino masses. Out of a number of solutions which require small threshold 
corrections to bring the solar neutrino mass squared difference in accord with experimental data as before, we find a 
new region in the parameter space where no such threshold corrections are necessary. We show how the the partial 
damping of magnification due to Majorana phases is utilized to obtain this new class of solutions. 

This paper is organized as follows. In Sec. II we discuss the new boundary condition at the GUT seesaw scale and 
RGEs. In Sec. HI we discuss input parameters at GUT-seesaw scale and some general criteria including the role played 
by Majorana phases in damping radiative magnification. In Sec. IV we present new analytic formulas showing how 
Majorana phases influence threshold corrections explicitly. Solutions to the RGEs and predictions in different cases 
are presented in Sec.V. In Sec. VI we discuss the new class of solutions without threshold corrections using damping 
property of Majorana phases. In Sec. VII we summarize the results briefly and state our conclusions. 



II RG EQUATIONS AND HIGH SCALE BOUNDARY CONDITION 

The starting point of our analysis is the assumption that there is an underlying gauge symmetry that unifies quarks 
and leptons and lead to the possibility that the CKM matrix for quarks and the PMNS matrix are equal. In [7[, we 
gave an example of this symmetry as SU{2)l x SU{2)ji x SU{'i)c times a discrete permutation family symmetry 
5*4. In this paper, we do not discuss any specific model but rather assume that such a symmetry exists implying the 
mixing unification at the seesaw scale. Given this hypothesis, the existence of the CKM phase would imply that the 
Dirac phase of the PMNS matrix at the GUT scale is the CKM phase. As far as the two Majorana phases of the 
PMNS matrix are concerned, they have no counterparts in the CKM matrix. However, due to seesaw mechanism, it 
is not implausible that the Majorana phases are also present at the high scale. We therefore study two possibilities: 
(i) setting the two Majorana phases to zero at the GUT-seesaw scale and examine the low energy behavior of the 
theory; (ii) treating the two phases as unknown parameters and see their effect. 

The boundary condition for mixing angles at the seesaw scale is therefore given by : 
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^l = Mr: 

UpMNsiMn) = Vckm{Mr) x Vd{Mb) (1) 

where Vckm is the RG-extrapolated CKM matrix for quark mixings from low energy data including its experi- 
mental value for the Dirac phase. The two unknown Majorana phases are provided through the diagonal matrix 
Vd = diag(e'"\ e*"^ , 1). Thus, up to the presence of the diagonal phase matrix in eq.(l), this boundary condition 
establishes complete identity of the PMNS mixing matrix for leptons with the CKM mixing for quarks at the 
GUT-seesaw scale through the high scale mixing unification (HUM) hypothesis. Below the GUT-seesaw scale, 
however, there could be substantial differences between the two due to RG evolution effects and we parameterize the 
PMNS matrix as 
M < Mr : 



U 



C13C12 



C13S12 



-C23S12 - Cl2Sl3S23e** C12C23 - Sl2Sl3S23e''' C13S23 



S12S23 - Cl2Si3C23e 



iS 



-C12S23 - C23Sl3Sl2e 



iS 



C13C23 



X diag. (e"'^e'"^l) 



(2) 



where — cos 9ij and Sij — si'!i9ij{i,j — 1,2,3) and all the mixing angles and phases are now scale dependent. We 
have chosen the Majorana phases to be two times of that in usual parameterizations. This choice is made for the sake 
of convenience in computation. The values of the mixing angles at low energies will be obtained from RG evolution 
following the top-down approach under the boundary conditions. 



sin 6*^2 = sm0i2iMR)pMNS 
sin 6*^3 = sin 6*23 (Mi^)pMArs 
sm9i3{AlR)pMNS 



sin6'?3 
<5" 



S{Mr: 



PMNS 



sin 0i2{Mr)ckm, 
sin 6*23 (Af_R)c_ft:M, 
sin 6*13 (MflJcKM, 

BJCKM 



(3) 



and the two Majorana phases at /i = Mr will be treated as unknown parameters, a" and The renormalization 
group equations (RGEs) for the neutrino mass matrix in the flavor basis were derived earlier and have been used to 
obtain a number of interesting conclusions especially for quasi-degenerate neutrinos 2l|, in the flavor basis. As 
in the earlier case we find here more convenient to use RGEs directly for the mass eigenvalues and mixing angles 
including phases derived in the mass basis [2^ [2^ . For the sake of RG solutions assume the three neutrino mass 
eigenvalues to be real and positive. The RGEs for the light neutrino mass eigenvalues can be written as 



at 



+ Gi)mi - nriiFu, {i = 1, 2, 3) 



(4) 



The RGEs for mixing angles and phases are represented upto a good approximation for small ^13 which is actually 
the case through the following equations [25| . 
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-TT/ — 9 9^ '^12 ('^3 + m2 + 2mj,m2 cos 2q!2 ) 

2[mi - m^) 

+s\2{m\ + m\ + 2TO3TO1 cos2ai)/(l + R)\ , 

F.rCi3 sin 26*12 sin 26'23"i3 r 

— ^ 2" mi cos(2ai - 6) 

2[m^ — mf) 

— (1 + R)m2 cos(2q!2 — S) — Rm^ cos S] , 

FtCi2 sin 2^?i2S23 + ^^12 + 2mim2 cos(2q!2 — 2q!i)] / [2(to2 — inn\)\ , 

F^TO3 sin 26*12 sin 26*23 r . <i\ n , -d\ -in s:\ , z> ■ x^ 
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-2F, 



26'i3(m| — m\ 

mim2S23 sin(2Q;i — 2a2) 



-hTO3C?2 
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77172 Z727 ' 
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(to§ — m\) 



{ml - ml) 
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da I 



da2 
IT 



= -2Fr 



1713 COS 29 



23- 



(misf2 sin2ai + (1 + R)m2c\2 sin2a2) 



+ 



TOim2Ci2'S23 sin(2Q;i — 2012) 



(ml - ml) 



= -2Fr 



TO3 cos 26 



23- 



(misf2 sin2ai + (1 + R)m2C^2 sin2a2) 



[ml - ml) 



TOiTO2sf2'S23 sin(2Q!i — 2q!2) 



[ml - ml) 

where R — (m^ — ml)/{m\ — m^), Pi ~ 

Gi = 
G2 = 

In the case of MSSM with fi> Ms, 



(9) 



(10) 



S12S23. P2 = c?2S23. -P3 = cfgcia, G3 = 0, but 
1 



-Si3 sin 26*12 sin 26*23 cos S + SI3CI2CI3, 



1 



-Si3 sin 2^12 sin 26*23 cos 6 + S13S12C23 



(11) 



Fr = -/i^/(l67r2cos2/3) 
1 \ /6 



F, 



167r2 



^gl + Qgl - 6-4-r 

5 sm (j 



(12) 



but, for ji < Ms, 



Fr 

F,, 



3hl/ (327r2) , 

(35I - 2A - 6/1?) / (1671^) 



We would also need the CP- violation parameter defined through Jarlskog invariant \3z 

1 



Jcp 



■ sin 2^12 sin 26*23 sin 26*13 cos 6*13 sin 5 



(13) 



(14) 



Since in the case of nonzero Majorana phases, the new phenomenon of damping of mixing angle magnification 
occurs, we first discuss this case, followed by the threshold corrections specific to this case before presenting the new 
results for the low energy predictions in both cases. 

Ill MAGNIFICATION DAMPING BY MAJORANA PHASES AND INPUT PARAMETERS 

In this section we discuss damping of radiative magnification caused by Majorana phases. While providing guidelines 
for the choice of input parameters we also point out some general features of the solutions in the context of the high 
scale mixing unification model. Throughout this paper all quantities with superscript zero indicate input parameters 
at the GUT-seesaw scale Mb. = 10^^ GeV. 



For our calculation, we use the low energy data for the CKM matrix given by PDG [3l| and we take into account 
the appropriate renormalization corrections to obtain their values at the GUT-seesaw scale. Due to the dominance of 
the top quark Yukawa coupling the one- loop renormalization corrections give (soj , 



I UP 

\Vub 



m 

\Vcb\ 



exp 



yto 



Mr, 



top 

167r2 "^M^ 



0.83 



(15) 



while all other elements are almost unaffected. Using [31 1 



\Vub\ = 0.0037, = 0.0413, 
\Vus\ = 0.2243,(5 = 60° ± 14°, 



(16) 
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corresponding to 

jC-JfA^ = 2.89 X 10"^ (17) 
the input values for the CKM matrix at the GUT-seesaw scale are, 

sin^Jg = 0.0031, sin = 0.034, sin^Ja = 0.224, S" = 60°, (18) 

which yield 

Jgp = 2 X 10"^ (19) 

where we have fixed 5° and J^p at its central value after CKM extrapolation. 

One point of utmost importance in this analysis is the nature of tuning needed in the neutrino mass eigenvalues 
which are inputs at the GUT seesaw scale. For quasi-degenerate neutrino masses having a common mass ttiq , 

(m2-mi) = — ^, (m3-m2) = — ^ (20) 
ZuiQ 2mo 

Using the experimental data from solar and atmospheric neutrino oscillations, Am|]^ = 8 x 10^^ eV^ and Am§2 = 
2.4 X 10-3 eV2 yields, 

im2~mi){eV) = 0.004, 0.0002, 0.0001, 0.00004 
(m3-m2)(ey) = 0.12, 0.006, 0.003, 0.0012 

moieV) = 0.01, 0.2, 0.4, 1.0 (21) 



This clearly suggests that if we confine ourselves to values of neutrino masses to be accessible to ongoing beta decay 
and double beta decay processes i.e. mg = 0.1 — 1.0 eV, fitting the experimental data on AtUq requires tuning between 
TOi and TO2 at least up to fourth place of decimals while fitting the data on Am^j^ needs tuning at least up to the 
third place of decimals between m2 and ma. The region of small common mass where the tuning improves by 1-2 
orders is inaccessible to these experiments and also the RGBs do not succeed in achieving the desired magnification 
when mo << 0.1 eV. We again emphasize the point noted in Q that successful radiative magnification requires that 
mo > 0.1 eV. Our idea can therefore be ruled out if there is no evidence for Majorana neutrino mass in the next 
round of neutrino double beta decay searches [13] as well as, of course, by the measurement of 6*13. 

It is known that RGBs of neutrino mixing angles exhibit quasi-fixed points at low energies and these predicted 
quasi-fixed points are not in agreement with the observed experimental data [2^ . Bxploiting the HUM hypothesis we 
have shown 0, [qI, |2§| that these quasi-fixed ponts can be avoided in supersymmetry throgh radiative magnification 
which is achieved by appropiate fine-tuning of quasi-degenerate neutrino mass eigen values and for larger values of 
tan (3. Such type of fine-tuning has been discussed in ref. ■ 

A useful general property of the RGBs with quasi-degenerate neutrinos is the following scaling behavior: for a set 
of solutions with masses m^, mixings, phases, and mass squared differences Am^^-, any other set of masses scaled to 
nrrii are also solutions with the same mixings and phases but with mass squared differences scaled to K^Amfj where 
K is the common scaling factor for all mass eigenvalues. This property serves as a useful tool to derive other allowed 
solutions from one set of judiciously chosen numerical solutions to the RGBs. 

From the structure of eq.(5)- eq.(lO) it is clear that for a set of solutions ai, a2, and 6 , there exists another set of 
solutions — ai, — a2, and —(5 . The initial choice of input Majorana phases {ai, a^) = (0, 0), (7r/2, tt/2), (tt, tt) continue 
to retain their values to low energies up to a good approximation. 

As noted in ref. Q in the top down approach the RGBs for mass eigenvalues given in eq.(4) not only decrease 
the masses but they also decrease their differences such that at low energies m.^ ^ rrij. The radiative magnification 
of the three mixing angles takes place for quasi-degenerate neutrinos because of smallness of the mass differences 
nii — mj(z ^ j = 1, 2, 3) that occurs in the denominators of the RHS of RGBs for the mixing angles in eq.(5)- eq.(7). 
For the same reason large changes are also expected in the phases. During the course of RG evolution in the top-down 
approach m^ — > mj and the rate of magnification for mixing angles increases. Bquivalently the solar and atmospheric 
mass differences decrease from their values at /i = Mn to approach their experimental values at = Mz and the 
radiative magnification occurs for all the three mixing angles. While sin0i2 and sin 6*23 attain their respective large 
values sin ^13 remains small at low energies in spite of its magnification because its high scale starting value derived 
from the quark sector is much smaller (= 
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Note that since the input values for sin6'5'2 , sinfljs: ^ind sin^Jg are smah with much smaher values for sin^ 0° , but 
cos^ 6*"^ ~ l{i ^ j = 1,2,3), it is clear from the RHS of eq.(5) that initially substantial contribution to the rate of 
magnification of sin 023 is caused by the dominant term, but 5^2 term contributes only later during the course of 
evolution. 

The following considerations hold when both the Majorana phases are small. In eq.(7) the coefficient on the RHS 
is proportional to S12SI3 whose initial value is very small. Therefore the magnification of sin0i2 requires very small 
difference between TOj and compared to the difference rrig — mj. On the other hand the dominant term in the 
RHS of eq.(5) is proportional to S23C23C22 which is much larger near /i = Mn than the corresponding coefficient in 
eq.(7). The basic reason for this is essentially the smallness of CKM mixin gs n ear the GUT-seesaw scale which is 
totally different from the situations where initially there are large mixings 2J, |27|. Therefore in the HUM model 
radiative magnification of sin ^23 can occur for larger mass difference between mg and rrij compared to m2 — ml which 
is required for the magnification of sin^?i2 through eq.(7). 

In the presence of finite values of Majorana phases the situation undergoes a quantitative change even if the smallness 
conditions in the initial mass differences are satisfied. In general damping in the magnification of the mixing angles 
6*12 and 6*23 sets in whenever cos2ai {i = 1, 2), or cos2(ai — a2) occurring in eq.(5) and eq.(7) deviate from +1. 

To see the reason for magnification damping in a qualitative manner, note that the presence of Majorana phases 
is equivalent to multiplying the mass of the neutrino by that phase (i.e. moe'"). Now recall the well known case 
where for ai — 02 = (2n + l)7r/2 corresponding to the case of opposite CP-Parity of vi and V2, magnification of 9i2 
is prevented. Similarly if ai = a2 = 7r/2, the CP-Parity of is opposite to that of I'l or 1/2 and the mixing angle 
023 can not be magnified. In general values of |ai|, \a2\ different from or tt cause damping to the magnification of 
mixings, the damping being stronger for negative values of cosine functions occurring in the RHS of eq.(5) and eq.(7) 
. But as we find in spite of such dampings radiative magnification of the mixing angles can still be realized if these 
cosines have positive values < 1 at lower scales. It is clear from eq.(5) that if a2 = ai = tt/2 the magnification of 
sin 6*23 can not occur even though the smallness condition on the mass difference Wg — is satisfied. If a2 — 7r/2 
this magnification is badly affected. In fact even if is small, but if a2 > f the dominant magnifying term in 
eq.(5) would start decreasing and it would need still smaller value of the initial mass difference mg — TOj to achieve 
magnification. As a result this region of Majorana phases would be restricted by the low energy data on ATO32 since 
the latter is proportional to the mass difference (rria — rn2)- 

From eq.(7) we see that no magnification can occur for sin0i2 if |a2 — ai] ~ 7r/2 which can be satisfied for a2 — 0, 
ai ~ tt/2 or for ai ~ 0, 02 — tt/2. Eq.(5) and eq.(7) permit magnifications of sin 6*23 and sin6'i2 for small values of 
the Majorana phases ai,a2 < j ■ Also when a2 is small, magnification is allowed for all values of ai = — tt except 
in the region ai ~ ^ where the magnification of the solar mixing angle is strongly damped out for similar choice of 
the mass difference 1712 — to? for which magnification takes place in other cases. 

When ai ~ q;2 — 0, it is clear from cq.(8) that ^ is directly proportional to sin 5 and the RG solution for the 
leptonic Dirac phase approaches 5 ^ as /i ^ Mz- A general consequence of the RGBs for the Majorana phases is 
that if we start with the initial condition a? = at the GUT-seesaw scale, they would obtain equal values during the 
course of evolution [2^. Therefore if we start with vanishing Majorana phases at the GUT-seesaw scale they continue 
to remain zero at low energies. 

Even though certain input values of Majorana phases might appear to be affecting magnification of mixings at high 
scales, their role to cause damping becomes different at lower scales as the supplied phases change by RG evolution. 
Particularly the damping becomes most severe for the choice ~ ofj = tt/2 since these phases which damp out 
magnification of both the mixing angles to start with remain almost unaltered during the course of evolution. 

Although certain choices of input values of Majorana phases can cause partial or total damping of magnification of 
mixing angles, moderate damping with other choices can be utilised to obtain smaller mass squared differences at low 
energies. Exploiting this mechanism we show in Sec. VI how we identify a region in parameter space where Am^i needs 
no threshold corrections to be in agreement with the experimental data. On the other hand with MSSM spectrum 
below the GUT-seesaw scale, as the super-partner masses do not appear to be very close to fj. = Mz, small threshold 
corrections to mass squared differences due to super-partners are quite natural in any such model containing the 
MSSM. In the next section we present derivation of new formulas showing how Majorana phases also affect threshold 
corrections in all models having quasi-degenerate neutrino masses. 



IV THRESHOLD EFFECTS WITH MAJORANA PHASES 



With MSSM as the effective theory below the GUT-seesaw scale and non-degenerate super-partner masses new 
threshold corrections ai fi — Mz arise in any model having quasi-degenerate neutrino masses 3J|. They have been 
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derived in the quasi-degenerate case in the hmit 613 and 623 n/A but without phases [§]. Following the same 
procedure and noting that the mixing matrix elements Uai, {i — 1,2) now contain Majorana phases, we obtain the 
new generalized analytic formulas which are valid in all models with quasi-degenerate spectrum. 



(s^2 cos 2a2 — C12 cos 2ai) Tc -I- (c^a cos 2a2 — S22 cos 2ai) 



(Tp+T.) 



4m^ 



ToC^2 COS 2ai -f (1 — s^2 cos 2ai 



{Am\2)th = W 



fx -I- T ) 

-ToS?2 COS 2a2 + (1 - c?2 cos 202) 



(22) 



Here m represents the common mass of quasi-degenerate neutrinos. The functions Tq,, (a = e, /i, t) are one loop factors 
obtained by evaluation of corresponding Feynman diagrams, especially with wino and charged slepton exchanges 34 1. 



r„ ^ (.gV327r2)[(x^ - xl)l{y^y^) -f ((y^ _ l)/y^);„(^2 ) _ ((^2 _ i)/y2)^,,(^2 (33) 

where j/q 1 — a;^, Xq, = Ma/M^, Ma — charged slepton mass, and = wino mass, and the loop-factor has 
been defined to give = without any loss of generality. Depending upon the allowed low energy values of the 
Majorana phases the threshold corrections may vary for given values of the siiper-partner masses. In particular when 
ai = a2 = 0, mr, these generalized formulas reduce to those obtained in ref. [9|], 



{Amli)th - 4m2cos2(?i2[-Te + (T^ + T,)/2], 
{Aml^U = 4m2sin2^?i2[-Te + (T^ + T,)/2], 

{Aml,)th = 4m^cosH,2[-Tc + {^^. + ^r)/2] (24) 

Including threshold corrections along with the RG-evolution effects the mass squared differences are evaluated using 

Ami = (^rnlha + (Am^Oth (25) 

where the RG-evolution effects from Mr to Mz are computed using the procedure discussed in Sec. II - Sec. III. For 
several allowed mass ratios, Afa/M^ f ~ 1.4 — 2.8, consistent with an inverted hierarchy in the charged-slepton sector 
we find that the RG and the threshold corrections together are in good agreement with the available experimental 
data as discussed in Sec.V and in Table I. Small changes in the mixing angles due to threshold corrections in the 
masses are easily compensated by very small changes in the input mass eigenvalues leading to predictions given in 
Table. I in the next section. In Sec. VI we also present solutions without any threshold corrections. 



V LOW ENERGY PREDICTIONS IN THE LEPTONIC SECTOR 



In this section we present the predictions of our model as solutions of RGEs with Dirac and Majorana phases. As 
explained in ref. [3] at first we follow bottom up approach to obtain information on the Yukawa and gauge couplings 
at the GUT-seesaw scale to serve as inputs in the top down approach. The extrapolated values of the gauge and the 
Yukawa couplings for tan/3 = 55 at Mr = lO^^ GeV are: = 0.6683, 5^ = 0.6964, g§ = 0.7247, /if'^p = 0.8186, /ig = 
0.6437, and = 0.7105. We choose the high seesaw scale Mr — 10^^ GcV where the mixing angles and the Dirac 
phase are those given in eq.(18). We use high scale input mass eigenvalues as discussed above. Using solutions of 
RGEs combined with such threshold corrections discussed in Sec. IV in the appropriate cases we treat the results as 
acceptable if they arc within Acr limit of the available data from neutrino oscillation experiments although a substantial 
part of our solutions in the parameter space are either in the best fit region or within 2a to 3(7 limits [lol | , 



Am2i 


^ (6.8- 


9.3) X lO^^ey^ 


Aml^ 


= (1.8- 


3.5) X IQ-^eV'^ 


sin^ 6*12 


= 0.22- 


0.44, 


sin^ 6123 


= 0.31- 


0.71, 


sin^ 613 


< 0.058 
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Since the other factor occurring in Jcp is almost determined from the solar and atmospheric mixing angles, 
(sin 26*12 sin 26*23 )/8 — 0-1 the model dependent quantity jlmUesI — 0(0. 1) if the prediction is to be verified by long 
base line neutrino oscillation experiments in near future. The predictions of ^13 and 5 vary from model to model. In 
the present case the initial value of V^^^ including the Dirac phase 5^ and the input values of the Majorana phases 
determine ^13 and 5 at low energies by RG evolution while matching the experimental values of the other two neutrino 
mixing angles by radiative magnification. We find that in the presence of Majorana phases our model predicts values 
of |ImUc3| contributing to \ Jcp\ — O(10~^) accessible for measurement by neutrino oscillation experiments. 

As discussed in Sec. Ill the most flexible choice in the parameter space for which radiative magnification of mixings 
takes place easily is with < 45" or a" > 135° and varying a\. We present below details of results obtained on mass 
squared differences, mixing angles, low energy values of different phases and the CP-violation parameter. In all cases 
the Dirac phase of the PMNS matrix has been fixed at 60° at the GUT-seesaw scale. The other class of solutions 
obtained using the magnification damping criteria and which needs no threshold corrections due to super-partner 
masses will be presented in Sec. VI. 

V.l Low Energy Predictions for ^13 and Majorana Phases 

Since Majorana phases do not occur in eq.(4) and Dirac phase dependent terms are very small, the evolution of 
mass eigen values are almost the same as reported earlier j?']. They decrease from their high scale input values and 
tend to converge towards one another narrowing their differences until agreement with experimental data on Am^i 
and Amji are obtained with or without small threshold corrections. Even in the presence of phases the radiative 
magnification to bi- large neutrino mixings maintain the similar correlations as before: Decreasing differences between 
the mass eigenvalues is accompanied by increasing magnification of mixing angles and finally their largest predicted 
values are obtained at /i = Mz — Ms where Ms — 1 TeV is the SUSY scale. For example with the input value of one 
Majorana phase set to a vanishing value at the GUT-seesaw scale (012 = 0.0), the radiative magnification to bi-large 
neutrino mixings takes place for all values of the other Majorana phase a" = — tt except at — where almost 
total damping occurs for the magnification of sin 9i2 ■ 

Fig. 1(a) shows predicted variation of sin 6*13 at low energies as a function of af. It is clear that starting from 
9i3 = 3.5° at a I — the value of 6*13 continuously increases reaching a maximal value at ~ 85°. Again after the 
disfavored region at ~ 90° ±5°, it decreases from its maximal value continuously in the second quadrant till it 
reaches low value at a" — tt. The predicted range of 6*13 ~ 3.5° — 10° and the maximum predicted value is nearly 25% 
smaller than the current 4(t upper bound. This prediction is new and covers a wider range compared to that found 
in ref. where the PMNS matrix had no phase. 

The low energy values of Majorana phases corresponding to the input values of are shown in Fig.l(b)and Fig. 2(a). 
We note from Fig. 1(b) that corresponding to input a" — 0.0 the Majorana phase ai{Mz) at low energies increases 
from 0° to 20° when the input varies from 0° to 85° in the first quadrant but ai{Mz) varies from 155° to 180° 
when a" varies in the second quadrant. From Fig. 2(a) we find that though the value of a" = at the GUT-seesaw 
scale, its value at low energies is non- vanishing with a2{Mz) — 0° to —8° when a° varies over the first quadrant, but 
a2{Mz) = 8° to 0° when is in the second quadrant. 

V.2 Predictions for Dirac Phase and Leptonic CP Violation 

Two interesting features of the model are the unification of the CKM Dirac phase with the PMNS Dirac phase and 
also the unification of quark CP-violation with the leptonic CP-violation at the GUT-seesaw scale. We summarize 
low energy predictions of leptonic CP-violation in two different cases: (i) When Majorana phases are absent in the 
PMNS matrix at high scales, (ii) When the high scale PMNS matrix contains Majorana phases as unknown parameters. 

V.2. A CP- Violation without Majorana Phases 

When the two Majorana phases are set to zero at the GUT see saw scale, the PMNS matrix unifies with the CKM 
matrix including its Dirac phase. As a consequence of the RGEs in the top down approach in the 613 limit, the 
Dirac phase rapidly decreases to approach its trivial fixed point (5 — s- 0. Both the Majorana phases also continue to 
maintain their vanishing values in this limiting case at all energies below the GUT-seesaw scale and we obtain 

5 ~ 0.3° - 1°, 6I13 ~ 3.5° -4.5°, 
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Jcp ~ (5 - 7.6) X 10"^ (27) 

Thus, without initial Majorana phases, the CP-violation parameter is a few times larger than the corresponding low 
energy value in the CKM matrix even though the low energy value of the Dirac phase is suppressed by a factor 
~ 10~^ than the corresponding CKM Dirac phase. This occurs due to the predicted value of the CHOOZ angle 
which is nearly 20 times larger than its counterpart in the quark sector (iKibl) at low energies. 

V.2.B CP- Violation virith Majorana Phases 

The predictions on the leptonic Dirac phase and CP-violation parameter change substantially at low energies in 
the presence of finite input values of Majorana phase(s) at the GUT-seesaw scale. The variation of predicted leptonic 
Dirac phase 5 and the leptonic CP-violation parameter Jqp at low energies with the input Majorana phase a\ are 
shown in Fig. 2(b) and Fig. 3(a), respectively. It is clear from Fig. 2(b) that the leptonic Dirac phase varies from 0.3" 
to —70° when a? is in the first quadrant, then it becomes positive and varies from 80° to 0.3° when a\ is in the second 
quadrant. The variation of the leptonic CP- violation parameter is correlated with the variation of the leptonic Dirac 
phase with a^. In Fig. 3(a) the low-energy values of Jcp{Mz) in the first(second) quadrant are negative(positive). 
It is clear from Fig. 3(a) that Jcp{Mz) varies from -7 X 10"^ to -0.03 when a\ is in the first quadrant , but then 
it changes sign and varies from 0.038 to 7 x 10^^ when a? is in the second quadrant. 

The evolution of Dirac and Majorana phases are shown in Fig. 3(b) corresponding to the input values a\ = 
30°, 02 = 0.0. While ai(/i) is found to decrease by nearly 50%, a nonzero value for a2(/i) is found to have been 
generated at /i = Mz from its vanishing boundary value at the GUT-seesaw scale. The solid(dotted) line in Fig. 3(b) 
represents the evolution of the leptonic(CKM) Dirac phase with unification at the GUT-seesaw scale. While the CKM 
Dirac phase remains constant the leptonic Dirac phase is found to evolve to nearly —35° at low energies starting from 
its unified value of 60° at the GUT-seesaw scale. 

One of the most interesting and novel outcome of this analysis is the prediction of the leptonic CP-violation starting 
from the corresponding baryonic CP-violation as embodied in the CKM matrix as shown in Fig. 4(a) and Fig. 4(b) 
where the dotted line represents very slow evolution of the CKM CP-violation parameter. While in Fig. 4(a) we 
present positive values of the parameter in Fig. 4(b) we present negative values depending upon the initial choice of 
Majorana phases. The dot-dashed line in Fig. 4(a) represents the evolution of the leptonic CP-violation parameter 
starting from its unified CKM value of 2 x 10"^. In the absence of any Majorana phase the radiative magnification 
caused due to quasi-degenerate neutrinos has enhanced it by nearly a factor of only ~ 3.5 making the low energy 
prediction Jcp = 7.6 x 10~^. 

In the presence of non- vanishing Majorana phase(s), the parameter evolves to much larger values at low energies as 
shown by the dashed and solid lines in Fig. 4(a) corresponding to Jcp{Mz) — 0.01 — 0.03. In Fig. 4(b) the negative 
values of the parameter at low energies are in the range Jcp{Mz) — —0.013 to —0.036. It is clear from these two figures 
that major part of magnification of \Jcp\ occurs in the region ^ — 10^ GeV to 10'^ GeV. We note that the continued 
smallness of the CP-violation parameter at high scales for /i — 10^ GeV to 10^^ GeV might have some cosmological 
significance. Although these predicted values of the re-phasing invariant parameter, \Jcp{Mz)\ — 0.02 — 0.04 at 
low energies that relates only the Dirac phase, are accessible for measurement by long baseline neutrino oscillation 
experiments, we have also estimated the model predictions on the two other invariants relating to Majorana phases 



321 l36l | for the sake of completeness. 

Si = Im [U^^i,^U*^^ J ^ ^sin2ei3 cos 9x2 sm{ai + S), 

5*2 = Im {Uu^v^Ut^iJ^) = ^ sin 2013 sin0i2 sin(a2 + 5) 

The predicted values of these two parameters are shown in Fig. 5(a) as a function of the input Majorana phase a\ 
while a2 = 0. We find that starting from S*! ~ 5*2 ~ 10^^ these parameters are bounded by l^il < 0.1 and 1521 < 0.14 
for this choice of Majorana phases. If in future, experiments on neutrinoless double beta decay determine one of the 
two Majorana phases, then with possible information on ^13 and the leptonic Dirac phase from neutrino oscillation 
experiments, the predictions on one of these parameters might be tested. 
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V.3 Neutrinoless Double Beta Decay, Tritium Beta Decay and Cosmological Bound 

The search for neutrinoless-double beta decay by Heidelberg-Moscow experiment has obtained the upper Umit, 

< Wee >< (0.33 - 1.35) eV (28) 

which overlaps the range that will be covered in the planned experiments [14]. Similarly the current upper bound 
on the kinematical mass from Tritium beta decay is < me >< 2.2 eV . But the KATRIN experiment is expected to 



probe < me >> 0.2 eV and if positive it would prove that the neutrino masses are quasi-degenerate 35|. Using 

<^ > — |r7iiCx2Ci3 -h m2Si2C]^3e -1-77135x36 I, 

, ^ r222i 222, 221 1/2 /r,n^ 

< me > = ["^lCl2Cl3 -HTO2S12C13 + m3Si3j (29) 

we have evaluated these effective masses using our solutions for mass eigen values, mixing angles and Majorana 
and Dirac phases at low energies. Some of our solutions including small threshold corrections estimated using the 
formulas given in eq.(22) - eq.(23) are presented in Table I while others without the necessity of threshold corrections 
are discussed in Sec. VI and presented in Table II. It is clear that not only the model predictions are in good agreement 
with the current data from neutrino oscillation experiments, but also the mass parameters are in the interesting range 
accessible to the Heidelberg Moscow experiment on double beta decay and the KATRIN experiment on beta decay. 
At this stage we emphasize that since the super-partner masses may be naturally in the range of 150 GeV —1 TeV, 
small threshold corrections in the MSSM near the electroweak scale or even at ^ = Ms — 1 TeV are quite natural. 

Taking into account the allowed range of positive mass eigenvalues this analysis predicts the sum of three quasi- 
degenerate neutrino masses to be in the range S^to^ = (0.7 — 1.2) eV. Recent data from WMAP gives the bound on 
the sum of the three neutrino masses in the range (0.7 — 2.1) eV depending upon what values one chooses for the 
priors. The cosmological bound may be as large as 3 eV [Tst . In this context it is interesting to note that the 
presence of Dark Energy may have strong impact on cosmological bounds on neutrino masses taking the lowest value 
of WMAP bound on the sum without priors from 0.7 eV to 1.4 eV [17]. 

We find that the values of quasi-degenerate neutrino masses predicted in the model are consistent with the current 
cosmological bounds. 



VI PARAMETER SPACE FOR NO THRESHOLD CORRECTION 

As pointed out earlier and utilized in Sec. IV and Table I the low energy solutions for Amji in the presence or 
absence of Majorana phases need small threshold corrections due to possible spreading of sfermion masses above the 
electroweak scale to bring Am|]^ to be in agreement with the experimental data. Of course these corrections are quite 
natural and must be included in any SUSY model of quasi-degenerate neutrino masses. In the present case a class of 
our solutions for Am^x need such small threshold corrections which are readily computed as discussed in (ol. [s^]. 

In this Section we find an interesting new aspect of the radiative magnification mechanism in the presence of 
Majorana phases: i.e. there is a region in the parameter space which needs no threshold corrections for the mass 
squared differences to be in agreement with observations. In terms of initial values of the Majorana phases we find 
that this region of parameter space is described to a very good approximation by the two branches of the curve 
presented in Fig. 4(b). This curve is described by the equation, 

Cos 2{al-al) = Const. 

Const. ~ -0.9 (30) 

These solutions without threshold corrections and with Majorana phases consistent with eq.(30) are given in Table 
II. It is clear that in this case the predictions for the reactor angle 6*13, the Dirac phase and the CP-violating 
parameter are accessible to long baseline experiments while the effective neutrino mass parameter is within the range 
to be probed in neutrinoless double beta decay experiments as well as the KATRIN experiment. Further the sum of 
the three neutrino masses is also consistent with the cosmological bound including those from WMAP. 

It is interesting to examine the physical origin behind such solutions. At first we note that eq.(30) looks very much 
like a strong damping condition on the radiative magnification of sin0i2 as discussed in Sec. HI. But, in reality, the 
values of Majorana phases change from their high-scale boundary values and while the major part of magnification 
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takes place at lower scales, Cos 2(ai(//) — a2{fJ-)) becomes positive and remains in the moderate damping region. In 
fact we have found from low energy values obtained from RG evolution that Cos 2{ai{Mz) — ct2{Mz)) = 0.49 — 0.58 
as shown in Table. II. 

Having shown that this cosine function is in the moderate damping region it then follows from eq.(7) that the 
radiative magnification of sin 9i2 in the presence of such moderate damping requires smaller mass difference between 
1712 and mi than the corresponding case with weaker damping. This then leads to solutions to RGEs with smaller 
Amji which needs no threshold corrections. 

VII CONCLUSION 

In conclusion, we have extended the results of the high scale mixing unification (HUM) hypothesis discussed in Q 
by including the effects of the CP phases. We have considered the cases with and without the Majorana phases. While 
the mixing unification hypothesis predicts the Dirac phase to be equal to the CKM phase, it leaves the Majorana 
phases arbitrary since they have no quark counterpart and will most likely arise from the right handed neutrino sector. 
For both cases, we find consistent quasi-degenerate neutrino mass patterns that lead to desired amount of radiative 
magnification of the mixings in agreement with data. The predictions of the model are as follows: the common mass of 
the neutrinos must be larger than 0.1 eV; the values of 6113 and CP phases in the lepton sector are also predicted at low 
energies. In the case without the Majorana phase, the low energy CP violating effect is small with Jcp — 7.6 x 10^*^, 
whereas for the case with Majorana phases, Jcp can be as large as 0.04. An interesting phenomenon in the latter 
case is the damping of radiative magnification of neutrino mixing angles which constrains the Majorana phases to 
remain in a certain range for the model to explains the two large neutrino mixing angles. In this case, we predict a 
wider range of 613 from 3.5° — 10°. The larger ranges for both 6*13 and Jcp are accessible to measurements by long 
baseline neutrino oscillation experiments. 

The quasi-degenerate neutrino masses required to achieve desired radiative magnification, are consistent with the 
current cosmological bounds including those from WMAP. They are also accessible to the ongoing laboratory exper- 
iments on neutrinoless double beta decay and overlaps the range of KATRIN experiment for beta decay. 




FIG. 1: 1(a). Prediction of CHOOZ angle as function of input Majorana phase at the GUT-seesaw scale for 02 = 0. 
The vertical dashed lines define the total damping region for sin ^12 magnification corresponding to a? — 90° ± 5°. 1(b). 
RGE-solution for qi at low energies as a function of the input phase at the GUT-seesaw scale. 
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GUT-seesaw scale. 3(b). Evolution of the leptonic Dirac phase and Majorana phases from the GUT-seesaw scale down to low 
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TABLE L Solutions of RGBs for neutrino oscillation parameters with radiative magnification including Dirac and Majorana 
phases. The inputs for high scale mixings and the Dirac phase are from the CKM matrix as defined in the text. Mj denotes 
the mass of slepton used for threshold correction for which we have used the wino mass A/^ = 150 GeV. The GUT-seesaw scale 
is Mr = 10^'^ GeV and tan/3 = 55. 
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TABLE II: Same as Table I. but without the necessity of threshold corrections. The two input Majorana phases satisfy a strong 
damping condition Cos 2(q5 — 02) — —0.9 which at the electroweak scale becomes moderate with Cos 2(ai — 0.2) — 0.5 — 0.6 
for different solutions. 
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